Simulations of an Ising q-state Potts model which is equivalent to the Ising model on annealed percolation clusters are used to determine the phase diagram of the model in two dimensions. Three topologically different phase diagrams are obtained: ͑i͒ for qϭ2, there are two critical Ising lines meeting at Tϭ0 at the four-state Potts critical point; ͑ii͒ for 2Ͻqр4, the Ising critical line meets the q-state critical line and a line of first-order transitions at a bicritical point; ͑iii͒ for qϾ4, the Ising critical line intersects a line of first-order transitions at a critical end point. ͓S0163-1829͑97͒06725-8͔
I. INTRODUCTION
The annealed Ising model on percolation clusters was shown 1 to show interesting phase diagrams from a positionspace renormalization-group technique. In particular, that study has suggested the existence of novel multicritical points. Though physical systems such as fluids in porous media and amorphous magnets are better described by quenched randomness, 2 it is useful to have the annealed model as a proxy for the more realistic but also less tractable quenched model.
In this paper we present a Monte Carlo simulation of the model on a square lattice to validate the renormalizationgroup predictions. 1 The simulations were carried out on an Ising-q-state Potts model which is equivalent 1 to the Ising model on percolation clusters. There are three thermodynamic fields: the fugacity q controlling the number of clusters, the probability p for the presence of bonds, and the temperature or the inverse Ising coupling. Note that the percolation process 3 considered here allows for correlations between bonds. The random-bond percolation holds for qϭ1. We have studied the phase diagrams for qϭ2, 3, 4, 6, and 10. Though the gross features of the renormalization-group phase diagram, e.g., the three phases of nonpercolating, percolating paramagnetic, and percolating ferromagnetic, are confirmed by the Monte Carlo method, there are important differences between the results of the two methods. For q ϭ3 and 4, the Monte Carlo method predicts the occurrence of a bicritical point 4 at the intersection of two continuous transitions lines ͑one Ising like and the other Potts like͒ with a line of first-order transitions. For higher q ͑we looked at qϭ6 and 10͒ we find a critical end point 5, 6 at the intersection of the Ising transition line with two lines of first-order transitions. We have also simulated the model for qϭ2. In this case we seem to confirm the position-space renormalization-group 1 prediction: two Ising critical lines meeting at Tϭ0 at the four-state Potts multicritical point.
The remainder of the paper is organized as follows. In Sec. II we present the model and review some exact results which are used to verify the numerical simulations. Section III contains our Monte Carlo simulations. The conclusions are included in Sec. IV.
II. THEORY
At each site of the square lattice, there is an Ising spin s i ϭϮ1 and a Potts spin i ϭ1,2,...,q. The Hamiltonian is
where ␦ is the Kronecker delta and ͗i, j͘ means nearest neighbors. ͑Note that this Hamiltonian differs from the dilute Potts model of Nienhuis et al. 7 ͒ This model was shown 1 to be equivalent to the Ising model on annealed percolation clusters:
where wϭp/(1Ϫp), p is the probability for a bond to be present, C is number of clusters, and B is number of bonds. Z I conf is the Ising partition function for the particular percolation configuration:
where ͗i, j͘ means a pair of sites connected by a bond. The parameters J and L of Eq. ͑1͒ are related to w and K of Eqs. ͑2͒ and ͑3͒ as follows:
Some exact results can be deduced from the Ising-Potts model. If Kϭ0 from Eq. ͑4͒, we get Lϭ0: ͑i.e., this is the q-state Potts model with critical coupling, J c ϭln(1ϩͱq), which corresponds to p c ϭͱq/(1ϩͱq).
If Kϭϱ, from Eq. ͑4͒ we get JϭL. The Hamiltonian becomes 
III. MONTE CARLO SIMULATIONS
Monte Carlo ͑MC͒ simulations based on the Hamiltonian of Eq. ͑1͒ were carried out for systems with qϭ2, 3, 4, 6, and 10 on square lattices of sizes Lϭ14, 20, 30, and 40. Each site was considered to be in one of 2q possible states, and the Metropolis algorithm was used to determine changes in the states. Periodic boundary conditions were used for all lattices, and each MC simulation consisted of 5ϫ10 6 lattice passes after the first 5ϫ10 4 passes had been discarded to help ensure equilibration. For the statistical analysis a complete two-dimensional probability distribution of the Ising and Potts energies, P(E I ,E P ), was collected for each simulation. From this the system energy and heat capacity as well as the individual Ising and Potts heat capacities could be computed. In order to calculate the Ising and Potts susceptibilities, the average Ising order parameter as a function of Ising energy, ͗M I (E I )͘, and the average Potts order parameter as a function of Potts energy, ͗M P (E P )͘, were also recorded for each run. Last, the Ising order parameter probability distribution P(M I ), along with the average Ising and Potts energies as functions of the Ising order parameter, ͗E I (M I )͘ and ͗E P (M I )͘, were recorded so that a free energy functional of the Ising order parameter could be calculated.
We present the phase diagrams in the r,p plane where r ϭ1Ϫe ϪK , pϭw/(1ϩw). The advantage of this particular choice of thermodynamic fields is that each varies between 0 and 1. Each data set obtained at given values of r and p was processed using the histogram method of Ferrenberg and Swendsen 9 to obtain thermodynamic quantities for a range of nearby values of p at constant r. Each transition point was then determined by locating the value of p for which the heat capacity was a maximum. The Ising heat capacity was used for the PP-͑percolating paramagnetic͒ PF ͑percolating ferromagnetic͒ transition, the Potts heat capacity was used for the NP-͑nonpercolating paramagnetic͒ PP transition, and the total system heat capacity was used for the NP-PF transition.
These calculated transition points were in good agreement with the known results at rϭ1, pϭ1, and rϭ0. For instance, although singularities prevented the program from running at rϭ1, the data at rϭ0.98 showed that for Lϭ40 the critical values of p for qϭ2, 3, and 4 were 0.6694, 0.7129, and 0.7407, respectively. These compare to p c ϭͱq/(1ϩͱq) ϭ0.6667, 0.7101, and 0.7388 for an infinite system at r ϭ1. Due to the negative slope of the phase boundary, p c is expected to be higher at rϭ0.98 than at rϭ1. Estimates of the uncertainties in p c for a given q, L, and r were obtained by doing a second Monte Carlo run at or very near the original value of p. In all 12 such cases examined, both computed values of p c were within Ϯ0.0002.
It was found that for every value of q and r, the critical value of p increased with the lattice size. Extrapolations of graphs of p c vs 1/L indicated that critical values of p for infinite systems would be only about 0.003 higher than those for Lϭ40.
The phase diagrams obtained from the simulations are shown in Fig. 1 . They are in qualitative agreement with those obtained from the renormalization-group analysis, but the multicritical points occur at significantly lower values of p and r. As q decreases, the location of the multicritical point Of special interest to this study is the nature of the phase transitions and how they depend on q. The PP-PF transition is an Ising transition and so is continuous for all q. The NP-PP transition is a Potts transition and therefore is continuous for qр4, but first order for qϾ4. The nature of the NP-PF transition was not initially obvious and so was investigated further. For qϾ2 the energy distributions displayed two distinct peaks ͑see Fig. 2͒ , suggesting a first-order transition. To confirm this the Lee-Kosterlitz function 10 F(E) was computed for qϭ3 and 4 at rϭ0.95 and 0.98 for L ϭ14, 20, 30, and 40. Figure 3 shows that ⌬F(E), i.e., the depth of the two minima relative to the height of the barrier separating them, increases with L. The effect is much more pronounced for qϭ4, but nonetheless the data show that the transition is first order in both cases.
From Fig. 1͑a͒ it first appeared that for qϭ2 a multicritical point existed for rϽ1; i.e., three phase boundaries seemed to intersect at around rϭ0.91. If true, this would be contrary to the predictions of the renormalization-group analysis which held that the multicritical point was at rϭ1.
To determine whether there existed one phase boundary ͑NP-PF͒ or two boundaries ͑NP-PP and PP-PF͒ close together, the values of p c , as determined by the maxima of the Ising and Potts heat capacities and susceptibilities, were examined in detail. The precision of each p c for an individual run is Ϯ0.000 05, although, as mentioned above, the reproducibility from run to run is about Ϯ0.0002. The computed differences of 0.0001 or less for the cases of qϭ3 and 4 indicate that the Ising and Potts systems are ordering together. However, the differences for qϭ2 are significant. They are, at rϭ0.95, for susceptibility ⌬p c ϭ0.0013 and for heat capacity ⌬p c ϭ0.0005; at rϭ0.98, for susceptibility ⌬p c ϭ0.0003 and for heat capacity ⌬p c ϭ0.0002. Furthermore, the data show that the Ising spins order at a higher p value than do the Potts spins, consistent with the percolatingparamagnetic to percolating-ferromagnetic boundary being above the nonpercolating-paramagnetic to percolatingparamagnetic boundary. Although the numerical simulations cannot provide absolute proof that the multicritical point does not occur until rϭ1, the data are consistent with the picture of two phase boundaries tangentially approaching each other as r→1 or T→0.
IV. CONCLUSIONS
We have established the phase diagram of the square lattice Ising model on percolating clusters by using Monte Carlo simulations. The simulations were performed on the equivalent Ising-Potts model. The Monte Carlo results are consistent with the renormalization-group result 1 that the nonpercolating-paramagnetic to percolating-ferromagnetic phase transition for any qϾ2 is in the universality class of the 2q-state Potts model. Particularly interesting is the occurrence of bicritical points for 2Ͻqр4 and of critical end points for qϾ4. Further studies of critical exponents and amplitudes associated with these multicritical points are needed.
